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1. Pick any two distinct points (x1, x2, . . . ) and (y1, y2, . . . ). Then there exist k ∈ N such that

xk 6= yk. Since Xk is a Hausdorff space, there exists Uk, Vk ∈ TXk
such that xk ∈ Uk, yk ∈ Vk and

Uk ∩ Vk = ∅. This implies that

(x1, x2, . . . , xk, . . . ) ∈ X1 ×X2 × · · · ×Xk−1 × Uk ×Xk+1 × . . . ,

(y1, y2, . . . , yk, . . . ) ∈ X1 ×X2 × · · · ×Xk−1 × Vk ×Xk+1 × . . .

and

(X1 ×X2 × · · · ×Xk−1 × Uk ×Xk+1 × . . . ) ∩ (X1 ×X2 × · · · ×Xk−1 × Vk ×Xk+1 × . . . ) = ∅

Hence (
∏

n∈NXn,Tprod) is Hausdorff.

2. (a) Pick any open set
∏

x∈[0,1] Ux containing the point f . Then there exists x1, x2, . . . xn such

that Uxn 6= R and Ux = R for any x 6= x1, x2, . . . xn. Note that 0 ∈ Uxk
for k = 1, 2, . . . n.

So there exists εk > 0 such that 0 ∈ (−εk, εk) ⊂ Uk for all k = 1, 2, . . . n. In particular, there

exists Nk > 0 such that 1
n < εk for all n ≥ Nk. Take N = max{N1, N2, . . . , Nk}. Then for all

n ≥ N , we have fn ∈
∏

x∈[0,1] Ux. Hence fn → f in product topology.

(b) * Define U0 = R and Ux = (−x, x) for all x ∈ (0, 1]. Since Ux ∈ TR for all x ∈ [0, 1],∏
x∈[0,1] Ux is open in box topology (but not in product topology). Note that f ∈

∏
x∈[0,1] Ux.

Furthermore, suppose fn → f . Then there exists N > 0 such that fn ∈
∏

x∈[0,1] Ux for all

n ≥ N . In particular we have 1
N ∈ Ux = (−x, x) for all x ∈ (0, 1]. Since

1

N
6∈ U 1

2N
= (− 1

2N
,

1

2N
),

contradiction. Hence fn 6→ f in box topology.
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